The modified Mueller matrix elements for electromagnetic scattering from penetrable objects buried under two-dimensional random rough surfaces are investigated. This matrix relates the incident to the scattered waves, and it contains different combinations of the fully polarimetric scattering matrix elements. The statistical average of each Mueller matrix element is computed on the basis of the Monte Carlo simulations by exploiting the speed of the three-dimensional steepest-descent fast multipole method. The numerical results clearly show that relying only on the co-polarized or the cross-polarized intensities or both (i.e., vv, hh, vh, and hv) is not sufficient for sensing the buried objects. However, examining all 16 Mueller matrix elements significantly increases the possibility of detecting these objects. This technique can be used in remote sensing of scatterers buried beneath the rough ground.
INTRODUCTION
Remote sensing of objects buried under the rough ground has tremendous civil and defense applications, e.g., archaeology discovery, mine detection, and sensing underground resources. In previous papers [1] [2] [3] the scattered electric near field was calculated to simulate groundpenetrating radar measurements. A single penetrable or perfect electric conductor object or both was buried under the rough ground; the average of the scattered electric near fields over the azimuth angle was presented in Ref.
1, and the average over the rough surface realizations was presented in Ref. 2 . In Ref. 3 two dielectric objects were buried under the random rough ground, and the electromagnetic near-field interference between the objects was studied. The reported results showed the significant distortion in the near-field signals caused by the presence of the rough air-ground interface. In Refs. 1-3 the signature of the target was often obtained by removing the background from the received signals (i.e., by subtracting the scattering from the rough ground with no buried objects). In Ref. 4 the angular correlation function and the radar cross section (RCS) were presented for a perfect electric conductor sphere buried under the rough ground, and the authors presented the advantage of computing the angular correlation function over the RCS. In Ref. 5 the 16 Mueller matrix elements were analytically obtained for scattering from a coated two-dimensional random rough surface in which the configuration represented a three-layer geometry (the air and two layers of rough interfaces) with no buried objects. The Mueller matrix elements, which relate the incident to the scattered waves, are defined in terms of the modified Stokes vector. [6] [7] [8] The results reported in Ref. 5 showed a great sensitivity of some Mueller matrix elements (m 34 and m 43 ) in the backscatter direction to the thickness of the coated layer. In other words, these two elements showed considerable differences owing to the underground inhomogeneity, which was not the case for the other Mueller matrix elements (m 11 , m 12 , m 22 , etc.). This finding is the motivation of the current paper; however, the configuration here represents two different dielectric objects buried under the two-dimensional random rough ground as shown in Fig. 1 below.
It is necessary to differentiate between the results reported in Ref. 2 and the current paper. In Ref. 2 the statistical average of the buried object's signature was computed on the basis of the scattered electric fields in the near zone. In the current paper, the statistical average of the scattered electric fields from one or two or both buried objects is calculated in the far zone and presented in terms of the Mueller matrix elements. More important, the subtraction process often used in Refs. 1-3 is not used in the current paper. In other words, the far fields scattered from the rough ground with the buried objects are directly compared with those scattered from the rough ground with no buried objects.
The formulations of the problem are given in Section 2, the numerical results are presented in Section 3, and the conclusions are stated in Section 4. More details are given in Appendixes A and B.
FORMULATIONS
The integral equation-based rigorous electromagnetic model was developed in Ref. 3 for scattering from multiple objects buried under the rough ground. This technique is employed to calculate the unknown method-ofmoments surface currents on the rough ground and on both buried objects (see Fig. 1 ). The inhomogeneous scatterer is composed of four different regions: the air, the ground, and two different materials for the objects, where the relative permittivity and permeability are ⑀ 1 and 1 for the air, ⑀ 2 and 2 for the ground, ⑀ 3 and 3 for the first object, and ⑀ 4 and 4 for the second object. The unknown equivalent electric and magnetic surface currents are J 1 and M 1 on the ground, J 2 and M 2 on the first object, and J 3 and M 3 on the second object. The final set of surface-integral equations for the ground (S 1 ), The first object (S 2 ), and the second object (S 3 ) are given by 1, 3, 9 
in which the intrinsic impedance in i ϭ ͱ i /⑀ i , with i ϭ 1, 2 , . . . 4, and L j and K j , j ϭ 1, 2 , . . . 6, are the integrodifferential operators as summarized in Appendix A. 1, 3, 9 The surfaces of the rough ground and the two objects are discretized into triangular patches in which the unknown equivalent electric and magnetic currents in Eqs. (1) 
After some algebraic manipulations, the linear system of equations is obtained as ZI ϭ V (as summarized in Appendix B), where the total impedance matrix Z has order 2(
. The number of surface unknowns on the ground, the first object, and the second object are 2N 1 , 2N 2 , and 2N 3 , respectively. The vector V represents the tested tangential incident electric field E inc and normalized magnetic field 1 H inc on the exterior surface of the ground. The steepest-descent fast multipole method 11 (SDFMM) was implemented in Refs. 1-3 to dramatically accelerate solving for the unknown surface-current coefficients I. Once the unknown surface currents are obtained, the scattered electric fields in the far zone can be computed. 12 For the modified Mueller matrix elements, [5] [6] [7] [8] we are following the notation used in Ref. 7 in which the normalized modified Stokes vector is given by
in which v and h represent the vertical and horizontal polarizations, respectively; thus from Ref. 7 where S pq is the p-polarized scattered waves that are due to the q-polarized incident waves ( p, q ϭ v, h) as described in the fully polarimetric scattering matrix S 
NUMERICAL RESULTS AND DISCUSSIONS
The random rough surface characterized with Gaussian statistics for simulating the ground is generated 100 times for the configuration shown in Fig. 1 . The linear system of equations is solved for each random surface realization for both the vertically and the horizontally polarized incident waves. Each set of the Monte Carlo simulations to obtain the average scattered intensity is based on the 100 independent realizations. The 16 modified Mueller matrix elements in Eq. (3c) are calculated for the total scattered waves (i.e., not for the incoherent scattered waves). area on the ground, the intrinsic impedance of the free space, and the total incident power. With this normalization, the element m 11 becomes the normalized vertically copolarized RCS (vv), the element m 22 becomes the normalized horizontally copolarized RCS (hh), the element m 12 becomes the normalized cross-polarized RCS (vh), and the element m 21 is the normalized cross-polarized RCS (hv). For the incident tapered Gaussian beam used in this paper, 5,13 the total incident power is the sum of the power in each plane wave. 14 Similar to the previous work 1-3 the dimensions of the ground are assumed to be 8 0 ϫ 8 0 with Gaussian half-beam width equal to 1.6 0 centered on the ground at 4 0 , 4 0 , where 0 is the freespace wavelength.
In this paper the first object is modeled as an oblate spheroid (a ϭ 0.15 0 , b ϭ 0.3 0 ), and the second object is modeled as a circular cylinder (a ϭ 0.15 0 , h ϭ 0.9 0 ) or a circular disk (a ϭ 0.3 0 , h ϭ 0.1 0 ) as shown in Figs. 1(c)-1(e) . The locations of these objects vary in each example. The rms height and the correlation length of the rough ground are assumed to be ϭ 0.1 0 and l c ϭ 0.5 0 , respectively. The relative dielectric constants of the ground, the cylinder, the spheroid, and the disk are assumed as ⑀ r ϭ 2.5 Ϫ j0.18, ⑀ r ϭ 4.0, ⑀ r ϭ 2.9 Ϫ j0.072, and ⑀ r ϭ 4.0, respectively. The total number of surface-current unknowns is 61,200 for the geometry shown in Fig. 1, where 2N 1 ϭ 60,000 (on the ground surface), 2N 2 ϭ 600 (on the first object), and 2N 3 ϭ 600 (on the second object). 3 These numbers of unknowns are the result of discretizing the ground surface into 10,101 nodes and 20,000 triangular patches and discretizing each object into 102 nodes and 200 triangular patches, and they are kept the same for all the cases discussed in this section.
In example 1 a spheroid and a horizontal cylinder are buried under the ground. The spheroid's center is located at x ϭ 4.5 0 , y ϭ 3.5 0 , and z ϭ Ϫ0.4 0 , and the horizontal cylinder is tilted by 30°with the x axis and is located at x ϭ 4.01 0 , y ϭ 4.375 0 , and z ϭ Ϫ0.4 0 measured from the axis midpoint [see Fig. 1(c) ]. For i ϭ 0°, i ϭ 0°, the ensemble average for each modified Mueller matrix element is plotted versus the scatter angle as presented in Fig. 2 . As expected, the results show that all the diagonal elements of the Mueller matrix have maximum values approximately in the specular direction ( i ϭ 0°). Interestingly, the elements m 14 , m 24 , m 41 , and m 42 show a distinguished signature for the rough ground with the two buried objects that is different from the rough ground alone (i.e., with no buried objects). Moreover, the elements m 12 , m 21 , m 32 , m 13 , m 34 , and m 43 show slight differences between these two cases. However, the diagonal elements m 11 , m 22 , m 33 , and m 44 show almost no differences between the two cases.
It is important to investigate whether the significant differences shown in Fig. 2 are due to the interference between the objects or due to other causes. Therefore additional results for the cylinder and the spheroid, when each is buried alone under the same rough ground, are presented in Figs. 3 and 4 , respectively. Each object is buried in its original location under the random rough ground as discussed in the data of Fig. 2 . The results in Fig. 3 show the same observations as in Fig. 2; i.e., the elements m 14 , m 24 , m 41 , and m 42 clearly show an indication to the presence of the cylinder under the ground, whereas the elements m 11 and m 22 show no such indication.
The results in Fig. 4, for 12 , and m 21 ) or both it might not be possible to detect the buried objects. However, investigating all 16 Mueller matrix elements significantly increases the possibility of detecting these objects.
In example 2 the cylinder's orientation effect is investigated while keeping in mind the rest of the data of Fig. 2 . Therefore the cylinder is tilted 90°to the x axis and is In example 3 the cylinder is replaced with a circular disk tilted by 20°with the z axis and made of the same material (i.e., ⑀ r ϭ 4.0). The center of its top circle is located at x ϭ 3.3 0 , y ϭ 4.9 0 , z ϭ Ϫ0.35 0 and is buried alone under the rough ground [see Fig. 1(e) ]. Again, the results plotted in Fig. 6 show that some of the Mueller matrix elements indicate the presence of the disk. In particular, the elements m 14 , m 24 , m 41 , m 42 , m 12 , and m 21 show considerable differences between the rough ground only and the rough ground with the buried disk.
Consistent with the previous examples, the vv or hh intensities (i.e., m 11 and m 22 ) show almost no differences between the two cases.
In example 4 the Mueller elements for the spheroid and the horizontal cylinder, both buried under the ground (same data of Fig. 2) , are computed at different incident angles, i ϭ 30°, i ϭ 120°, as shown in Fig. 7 . None of the elements in the current case show any indication of the presence of the buried objects except for the elements m 34 and m 43 . In addition, all the elements in this case are significantly different from those presented in Fig. 2 , which shows their dependency on the incident angles. In this example, the far fields are computed in the same plane of incidence, i.e., at 0°р s р 90°for s ϭ 120°a nd for s ϭ 300°. As mentioned earlier, in examples 1-4, all the Mueller matrix elements represent the average values based on the Monte Carlo simulations of 100 rough surface realizations. This indicates that the observed sensitivity of some of these elements is consistent for all rough surface realizations since it survived the averaging process. To investigate this point, as an example, we plot the elements m 42 , m 14 , and m 24 for the scattered waves from only one rough surface realization as shown in Fig. 8 . The numerical results show that these elements for the rough ground alone are different from all the other buried scatterers. This observation indicates that investigating all the Mueller matrix elements can be very useful in detecting the buried objects under the realistic rough ground represented here by one rough surface realization. The above results support the observation reported in Ref. 5 in which the underground inhomogeneity was caused by the presence of the coated irregular layer above the rough ground, whereas here the inhomogeneity is due to the presence of dielectric objects buried beneath the Fig. 7 m 22 Ͼ m 11 (oblique incidence case). In Fig. 7 the incident electric field for the h polarization is parallel to the axis of the buried cylinder, whereas for the v polarization, it is perpendicular to cylinder axis [see Fig. 1(b) ].
Note that element m 12 element m 21 because all the Mueller matrix elements presented here are for the bistatic case and not for the backscatter case. Even though it is more practical for remote-sensing applications to consider the backscatter case, the bistatic results showed the considerable sensitivity of some Mueller matrix elements to the presence of buried objects. In addition, calculating the average of these elements in the backscatter direction will be computationally more expensive.
Examining the Mueller matrix expression in Eq. (3c), it is clear that several elements are functions of the amount of wave depolarization. This could be one of the reasons that the Mueller elements for the tilted cylinder are the most distinguished ones as shown in the numerical results. The materials, locations of the buried scatterers, and their contrast with the surrounding underground medium have impact on these elements as well. More work need to be conducted to investigate how the ground roughness affects these elements since in this paper we assumed small roughness parameters.
The sensitivity of Mueller matrix elements, with respect to the surface profile, is examined to emphasize the practical situation in which there is only one realization of the rough surface above the objects. Owing to the limited space, the elements m 11 and m 41 for the 30°-tilted cylinder case, shown in Fig. 1(c) , are presented in Figs. 9(a) and 9(b), respectively. In these figures, the results from 20 individual rough surface profiles are plotted for rough surface alone and rough surface with the buried cylinder. These 20 profiles were selected out of the 100 used in the Monte Carlo simulations in steps of five, i.e., rough profile #1, #6, #11 , . . . , and #96. The results in Fig. 9(a) show almost no difference between elements for the rough surface with or without the buried cylinder in all 20 individual profiles.
However, the element m 11 (vv) slightly varies from one profile to another [e.g., the maximum magnitude varies from 4.5 to 7, as shown in Fig. 9(a) ]. In Fig. 9(b) the element m 41 is presented for the same 20 individual rough surface profiles. In contrast, Fig. 9(b) shows distinct differences between elements for rough surface with and without the buried cylinder in all 20 profiles. Indeed, both the difference levels and the curve shapes greatly change from one profile to another, but all 20 results show that the element m 41 can be used in sensing the buried cylinder in this case. A comparison of Fig. 9(a) with Fig. 9(b) shows that the element m 41 is more sensitive to the surface profile than the element m 11 . This can be explained by the sensitivity of the depolarized waves with the rough surface profile, which consequently affects some of the elements that are functions of depolarized waves, such as m 41 , shown in Fig. 9(b) .
CONCLUSIONS
The fast three-dimensional SDFMM computer code is used to calculate the average of each modified Mueller matrix element for the scattering from dielectric objects buried under the random rough ground. The statistical average for each element is computed by use of the Monte Carlo simulation. These simulations are obtained by running the three-dimensional SDFMM computer code hundreds of times, which shows the great advantage of using the fast multipole method. The numerical results clearly show that if one relies only on the co-polarized or the cross-polarized intensities or both it is very difficult to sense the buried objects. However, investigating all 16 Mueller matrix elements significantly help in detecting these objects.
APPENDIX A
With representation of the surface electric and magnetic currents J and M on S 1 , S 2 , and S 3 by the vector X, the integrodifferential operators L j and K j , j ϭ 1, 2 , . . . 6, are 1, 3, 9 
APPENDIX B
The linear system of equations, ZI ϭ V, is given by where the submatrix Z 11 is 
